CO453: Network Design — Winter 2007

Instructor: Chaitanya Swamy

Solutions to Assignment 5

You must give a proof of correctness of any algorithm you design, and argue briefly why it runs in
polynomial time. You may use any proof or algorithm covered in class directly.

Q1: Given fractional values y; for the facilities in F, we can obtain the optimal fractional assignment
z;; for each client j € C to facilities as follows. We consider facilities in F in increasing order of
c;; and assign j to each facility ¢ to the maximum possible extent (i.e., set :z:;-kj as high as possible)
until j is assigned to a total extent of 1. More precisely, we initialize z7; = 0 for all facilities ¢, and
considering facilities in F in increasing order of ¢;j, we set z7; = min(y;,1— > ,_; };), where i<
means that ' comes before i in the sorted order.

It is easy to argue that z* is an optimal assignment of clients to facilities given the facility-
values y;. If not, consider an optimal assignment Z. There must be some client j such that
Yo CiiZi <D, cijy;. Ordering the facilities in increasing order of ¢;;, note that for any assignment
(xi5)i, we can write

Y cijrig = ciy y i+ (Caj — 1) D i+ -+ (Cmj — Cmo1,j)Tmj
7

i>1 i>2

where there are m facilities in all. So if )", ¢;;Zi; < >, ¢ijx U, there must be some index ¢’ such that
Disi Tij < D>y ¥7;- Note that we must have x,, > 0 (since ;- xj; > 0), so x;; = y; for all
i < 7. But this gives a contradiction because then »>,_, Zij > >, ;x5 = >0, 0 vy

Q2(a) If R > C7/(1 — «), then we obtain the contradiction that

ZCUZL‘”Z Z cijry; > R - Z xi; > Ry - (1—a) > C.
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The second inequality follows since we are considering facilities in sorted order of distance ¢;;, and
the third since i; is the first facility such that ;e pe,c; > .
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(b) For every client j, we have }_; Zi; = > ;cyo @j;/a > 1 since by definition of the set N7, we
J

have EzeNa zi; > a. Also, clearly &;; < xj;/a < yj /o = §;. So (Z,7) satisfies all constraints of

(UFL-LP).

(c) Consider k € C\ C’" and let j = nbr(k). By definition, this means that j comes before k in the
list L, so we have R} < Ry. Also, by definition we have that NN Ny #0,s0if i € N3N N7, then
cjk < cij + ¢k < RY + Ry < 2Ry,

(d) For each client j € C’, we open the cheapest facility in NV 7, whose facility-cost is therefore at most

the cost of any weighted-average of the costs of the facilities in N7*. In particular, taking the weights

;j, which add up to 1, the cost of facility opened from N3* is at most Yiene fiTij < D iene filli-
J J

Adding this over all clients in C’, and since the sets N 7 are disjoint for clients in C’, we obtain that



the total facility-opening cost is at most ), f;g;. If j € C’, then it is assigned to a facility in NV 2,
therefore its assignment cost is at most R}. If j ¢ C’, then it is assigned to a facility i € Nr?br(j) and
we have ¢;j < ¢ nbr(j) + Cjnbr(j) < Rﬁ‘br(j) + 2R < 3R, where the last two inequalities follow from
part (c).

Thus, the total cost incurred is at most
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where OPT =3, fiyr 4+ _; Cj is the cost of the optimum LP solution, which is a lower bound on

the optimal cost. Hence, we obtain a max(é, %)—approximation algorithm.

Q3: Recall the following primal and dual linear programs for metric UFL with penalties.

) D
min Z fivi + Z Cij %5+ ijzj (P) - ZJ: b "
i 75t J

s.t. a; < ¢ + Bij Vi, j
s.t. le] +zj>1 Vj a; < pj Vj (1)
7
vy < i Vi j > B < i vi
Tij, Yi, 2z = 0 Vi, j. !

The variable z; in (P) denotes if we incur the penalty for client j. This adds the constraint (1) in
the dual program. Intuitively, there is no incentive for j to pay an amount (to get itself assigned
to a facility) that is more than the penalty p; it incurs for not being assigned to a facility. In order
to satisfy (1) and construct a feasible dual solution, we now stop increasing the dual variable a; in
the primal-dual process when «; becomes equal to p;. This is the only change in the primal-dual
process. The entire process is summarized below.

1. Initialization Set a; = 0, §;; = 0 for all ¢, 7, time ¢ «— 0. Time increases at rate 1 as the
algorithm proceeds. Let F/ «— (), C «— C, P « (). F’ will denote the set of tentatively open
facilities; C \ C is all the clients that we have either tentatively assigned to tentatively-open
facilities or tentatively decided to incur a penalty on, so C' is all the clients that we still need
to process; and P is the set of clients for which we tentatively incur penalty.

2. Primal-Dual process While C' # (), raise the «; values for all j € C' uniformly at rate 1,
until one of the following events happens:

(a) For some facility ¢ and client j € C, we have a; = ¢;;: if ¢ € F’, we tentatively assign
J to i, which is denoted by setting i(j) = i, and set C' « C \ {j}; otherwise we start
increasing (;; (which is currently 0) at the same rate as «;.

(b) For some facility ¢ ¢ F’, we have > ;Bij = fit we add i to F ’s for every client j € C such
that a; > ¢;5, we set i(j) =i (j is tentatively assigned to i) and remove j from C.

(c) For some client j € C, we have oj = p;: we remove j from C' (notice that j has not been
tentatively assigned to a facility in F”), and add j to P.



As in the Jain-Vazirani algorithm, opening all the tentatively open facilities can result in a very
costly solution because a client could be paying for multiple facilities. So will need a clean-up step
where we pick a subset of the tentatively open facilities and open these. This is done exactly as in
the Jain-Vazirani algorithm.

Clean-up step and opening facilities For each i € F’, let C; = {j : §;; > 0}. Pick a maximal
subset I C I of tentatively-open facilities with the property that the sets C; are pairwise-disjoint
for facilities ¢ € F”. For every facility ¢ € F'\ F”, let nbr(i) denote a facility ¢’ € F” such that
C; N Cy # 0 (there must be such a facility F” is a maximal subset). Open all the facilities in F”.

Notice that as in question 1, once we have decided which facilities to open, the rest of the decisions
(which clients to incur penalty on, how to assign remaining clients to facilities) are easy: we simply
assign every client j to the nearest open facility ¢, provided c¢;; < p;, otherwise we do not assign j and
incur the penalty p;. However, for purposes of analysis, it will be convenient to specify a particular
way of choosing which clients to assign to facilities and assigning them to open facilities. There are
two ways of doing this, both of which yield a 3-approximation algorithm. The first scheme will have
certain desirable monotonicity properties with regard to the clients for which we incur penalty; the
second will satisfy a stronger approximation property.

Taking care of clients: algorithm I We first choose to incur penalty for all clients in P. For
every remaining client j, if j € C; for some ¢ € F”, then assign j to i. Otherwise, let i = i(j) € F’
(note that i(j) is well-defined). If i € F” | we assign j to i, otherwise we assign j to nbr(7) (which
is in F").

Taking care of clients: algorithm II Here we may also assign some clients in P to facilities.
Consider any client j € C. If j € C; for some i € F” we assign j to i. Observe that C; N P could be
non-empty. Otherwise, if j € P, we incur the penalty for j. Otherwise j was tentatively assigned
to some facility i = i(j) € F'. If i € F”, we assign j to i; else we assign j to nbr(7).

Analysis: Let P’ C P denote the final set of clients for which we incur penalty. Let f(j) be the
facility in I to which client j ¢ P’ is assigned. Let C; = (J;cpr Ci. Let OPT denote the common
optimal value of (P) and (D). Most of the analysis is common to both algorithms.

Lemma 1. The cost of opening facilities in F" is 3 ;e By

Proof. For every facility i € F", we have > ... fij = fi since i was tentatively-opened. Adding
this over all facilities in F”, and since the sets C; are disjoint for facilities in F”, we get that

ZiEF” = Zje& Bf(j)j' "

For a facility i € F’, let t; be the time at which facility 7 was tentatively opened. Observe
the following simple facts. First, note that by the definition of the primal-dual process, if 3;; > 0,
then we must have ¢;; < a; since once we start raising [;; (step 2(a)), we maintain the equality
a; = ¢;j + (5 at all times. Second, if §;; > 0 and ¢ € F’, then we must have «; < t; because at time
t;, when we tentatively open facility i, if 7 € C' then the algorithm will tentatively assign j to i (step
2(b)). Third, observe that if i(j) = ¢, then o; > t;. This is simply because «; is precisely the time
at which j is tentatively assigned (in step 2(a) or 2(b)), and since j is tentatively assigned to 4, this
can only happen at a time at or after the time when i is tentatively opened, which is ¢;. Finally,
clearly for any client j € P we have a;; = p; by definition. These facts are stated collectively below.



Fact 2.

(i) if Bij > 0 then cij < aj;

(it) if Bij >0 and i € F', then o < t;;
(i11) if i(j) =1 then o > t;;

() if j € P then aj = pj.

Lemma 3. Consider a client j that is assigned to an open facility. If j € C1, then cyj); = aj—Br(j;,
otherwise Crii < 3a;.

Proof. Let i = f(j), the facility in F” to which j is assigned. If j € Cy, then j € Cj, so ¢;j = aj — (ij.
Otherwise if ¢ = i(j), then ¢;; < a; since j can only be tentatively assigned to i (in step 2(a) or
2(b)) if it has already reached i. In fact, since j ¢ Cj, ;5 = 0, so we have a; = ¢;;. Finally, if j ¢ C;
and i # i(j), then ¢ = nbr(i') where ¢’ = i(j). By the definition of nbr(.), there must be some client
k € C;nCy, that is, we have B, By, > 0. So we can bound ¢;; < ¢, + ¢y + ¢y using the triangle
inequality, and Fact 2 will allow us to bound each of these three terms. By parts (i) and (ii), we get
that cii, ¢y < ap and o, < ty. By part (iii), we have t; < a;. Also, as observed earlier, ¢;/; < «.
Combining these inequalities, we get that ¢;; < 20y, + a; < 3a;. [ |

We now prove the 3-approximation guarantees for both algorithms.
Theorem 4. Algorithm I returns a solution of total cost at most 3 - OPT.

Proof. For algorithm I, we have P’ = P. So the total cost incurred is

D fY crghi+ P

i€F"  j¢P jEP

< Z Briyi + Z (o — /Bf(j)j) + Z 3aj + Zaj (Lemmas 1 and 3, Fact 2 (iii))
JeCy JjeCy j¢C1UP JEP

=D ot ot ) 3q
j€C jep jécup

< Z 2005 + Z 3oy (the factor of 2 comes since C; N P could be non-empty)
jeECLUP j¢C1uP

< ) 3a; < 3-0OPT.
jec

Algorithm I has a useful monotonicity property. One can show that if j € P, and we lower the
penalty from p; to p;- < p;j and run the primal-dual process on the new instance, then we will again
tentatively incur penalty for j. Since algorithm I incurs the penalty for precisely the set of clients
for which we tentatively incur penalty (i.e., the set P), this means that if we incur the penalty for
a client j under input p;, we also incur penalty for j under input p;-.

We can similarly prove a performance guarantee of 3 for Algorithm II. The difference between
the two algorithms is that in Algorithm II, we specifically ensure that the clients we choose to incur
penalty on (that is, the clients in P’) do not pay for opening facilities. Thus, we can prove the
following stronger statement.



Theorem 5. For Algorithm II, the total cost incurred is at most 3 - OPT. In fact, we have
Z’iEF” 3f7, + Zj¢P/ Cf(])j + ZjEP’ 3p] S 3- OPT

Proof.
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Z 3aj + Z 3a; (since the sets C; and P’ are now disjoint by construction)
JECLUP! j¢Ci1UP
) 3a; < 3-0PT.
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However, Algorithm II may or may not have the monotonicity property mentioned above, de-
pending on how the maximal subset F” is chosen. (Although, note that, as mentioned earlier,
lowering p; means that j is still a client for which we tentatively incur penalty if this was the case

earlier.)



