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Abstract

In this note, we prove several of the main results of compressive sensing from the
spherical section property.

1 Compressive sensing

In the past four years, there has been extensive activity on compressive sensing. Recently,
Kashin and Temlyakov [7] and Zhang [8] have developed simplified proofs of some of the main
theorems of compressive sensing using the spherical section property. This notes summarizes
proofs of the main theorems from the spherical section inequality. In contrast, Candès and
Tao have proved the results using either the uniform uncertainty principle (UUP) or the
restricted isometry principle (RIP), while Donoho has used hypotheses called CS1 to CS3.

Zhang notes the advantage of the KGG inequality over these other properties, namely, the
UUP, RIP, and CS1-3 are not invariant under left-multiplication by an arbitrary nonsingular
matrix even though the compressive sensing algorithm is invariant.

Definition. Let m, n be two positive integers such that m < n. Let V be an (n − m)
dimensional subspace of Rn. Say that V has the ∆ spherical section property if for any
nonzero v ∈ V ,

‖v‖1

‖v‖2

≥
√

m

∆
. (1)

Here, ∆ is called the distortion of V . Zhang quotes Gluskin and Milman [5], who attribute
the following theorem to Kashin [6] and Gluskin and Garnaev [4].

Theorem 1. There is a universal constant c0 as follows. Let m, n be two positive integers
such that m < n. Let V be an (n−m)-dimensional subspace of Rn chosen at random with the
usual probability measure on choice of subspace. Then with probability at least 1− ec0(n−m),
V has the ∆-spherical section property for ∆ = c1(log(n/m) + 1), where c1 is a universal
constant.
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It is also known that random ±1 matrices and random Fourier information have the
∆-spherical section property.

2 Main results

Now we state the two main results of compressive sensing in the case of a sparse solution.
similar to Donoho [3], which are (a) and (b) in the following theorem. If x ∈ Rn, let supp(x)
be the set of indices (a subset of {1, . . . , n}) in which xi is nonzero. Let | supp(x)| denote
the cardinality of supp(x), which is sometimes also denoted by ‖x‖0. Like Zhang, we can
increase the generality of this theorem by assuming that x̄ satisfies some side constraints
determined by a set Ω; it is commonplace in the literature, however, to simply take Ω = Rn

Theorem 2. Suppose null(A) has the ∆-spherical section property. Let Ω ⊂ Rn be a
nonempty set, let x̄ ∈ Ω be a nonzero vector, and suppose b = Ax̄.

(a) Provided that

| supp(x̄)| ≤ c2m

∆
, (2)

x̄ is the unique vector satisfying x ∈ Ω, Ax = b and | supp(x)| ≤ c2m
∆

.
(b) Provided that

| supp(x̄)| ≤ c3m

∆
, (3)

and that the right-hand side of (3) is less than n/2, x̄ is the unique solution to the optimization
problem of minimizing ‖x‖1 subject to Ax = b, x ∈ Ω.

Proof. We start the proof with following simple observation that holds for all x: ‖x‖1 ≤√
| supp(x)|‖x‖2. To see this, let u be the vector sgn(x), i.e., ui = 1 if xi > 0, ui = −1 if

xi < 0, and ui = 0 else. Then apply the Cauchy-Schwarz inequality to xTu.
For part (a), let c2 = 1/3. We prove the contrapositive of (a), i.e., we assume that y is

a second solution to Ax = b, x ∈ Ω and conclude that y is not sufficiently sparse. Suppose
y ∈ Ω also satisfies Ay = b, assume y 6= x̄, and let k = | supp(y)|. Let z = x̄− y, so z 6= 0
and z ∈ null(A). Furthermore, supp(z) ⊂ supp(x̄) ∪ supp(y). This implies that

| supp(z)| ≤ | supp(x̄)|+ | supp(y)| ≤ k + c2m/∆,

which implies by the argument in the preceding paragraph that

‖z‖1

‖z‖2

≤
√

k + c2m/∆.

Since null(A) has the spherical section property, this implies that√
k + c2m/∆ ≥

√
m/∆,

i.e.,
k + c2m/∆ ≥ m/∆.
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Subtracting c2m/∆ from both sides and using the fact that c2 = 1/3 yields k ≥ (2/3)m/∆,
which proves that y is not sufficiently sparse to satisfy | supp(y)| ≤ c2m/∆.

For part (b), let c3 = 1/2. Again, we prove the contrapositive. Suppose x̄ ∈ Ω and
Ax̄ = b. Let us suppose that x̄ is not the unique minimizer of ‖x‖1 subject to to these
constraints; we will conclude that x̄ violates (3). In particular, suppose that x̄ + z is a
minimizer not equal to x̄. Then A(x̄ + z) = b, z 6= 0, ‖x̄ + z‖1 ≤ ‖x̄‖1, and z ∈ null(A).
Let S = supp(x̄) and S̄ = {1, . . . , n} − S. Then

‖x̄‖1 ≥ ‖x̄ + z‖1

= ‖x̄S + zS‖1 + ‖x̄S̄ + zS̄‖1

= ‖x̄S + zS‖1 + ‖zS̄‖1

≥ ‖x̄S‖1 − ‖zS‖1 + ‖zS̄‖1.

= ‖x̄‖1 − ‖zS‖1 + ‖zS̄‖1.

The third line follows from the fact that x̄S̄ = 0 by definition of “supp(x)”. The fourth line is
the triangle inequality. Comparing the first and last lines, we conclude that ‖zS̄‖1 ≤ ‖zS‖1.

Now we consider the maximum possible value of ‖z‖1/‖z‖2 assuming the inequality de-
rived in the previous paragraph, namely, ‖zS̄‖1 ≤ ‖zS‖1. This defines an optimization
problem for z that we now proceed to solve. Observe that the signs are irrelevant, so we can
assume all entries of z are nonnegative. Since this optimization problem is invariant under
rescaling, we can fix a scaling by assuming that z2

1 + · · ·+ z2
n = 1. This changes the problem

to finding the maximum of z1 + · · ·+ zn subject to the inequalities zi ≥ 0,
∑

i∈S̄ zi ≤
∑

i∈S zi,
and z2

1 + · · ·+ z2
n ≤ 1. (It is obvious that the maximizer will be attained only when there is

equality in the last constraint.) This is a convex optimization problem, and therefore we can
exhibit its maximizer in closed form if we can exhibit a solution to the KKT conditions. Let
us assume |S| ≤ n/2 since otherwise we have already shown that x̄ violates (3) and hence
the proof is done. It is easy to check that the solution is zi = x for i ∈ S and zi = y for i ∈ S̄,

where x = a/|S| and a =
[
|S| · |S̄|/(|S|+ |S̄|)

]1/2
=

[
|S| · |S̄|/n

]1/2
while y = a/|S̄|. The two

inequalities
∑

i∈S̄ zi ≤
∑

i∈S zi and z2
1 + · · · + z2

n ≤ 1 are both active at this point, and their
KKT multipliers are the solutions to the linear equations λ1 +2λ2y = 1 and −λ1 +2λ2x = 1,
which are seen to be nonnegative under the assumption that y ≤ x, i.e., |S| ≤ |S̄|. The
objective value of this optimum solution is a.

Thus, the maximum possible value of ‖z‖1/‖z‖2 is
[
|S| · |S̄|/n

]1/2
. Since z ∈ null(A) and

null(A) has the ∆-spherical section property, we conclude that

|S| · |S̄|/n ≥ m/∆.

Since |S̄| ≤ n,
|S| ≥ m/∆.

Since c3 = 1/2, this shows that x̄ does not satisfy (3). This concludes the proof of the
theorem.

We now extend this result to “stable” reconstruction when the data is approximately
sparse.
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Theorem 3. Suppose that A is an m × n matrix such that null(A) has the ∆-spherical
section property. Then for every x̄ ∈ Rn and every k < min(1/16)m/∆, n/4)

‖x∗ − x̄‖1 ≤ 4‖x̄(k)− x̄‖1 (4)

where x̄(k) is the best k-term approximation to x (i.e., the vector that agrees with x in its k
components of largest magnitude and is zero in the remaining n−k components), and where
x∗ is the solution to the optimization problem min ‖x‖1 subject to Ax = Ax̄.

Proof. Choose k ∈ {1, . . . , n−1} and let S ⊂ {1, . . . , n} index the k largest entries of x. Let
z = x∗ − x̄, so that z ∈ null(A). Then

‖x̄‖1 ≥ ‖x∗‖1

= ‖x̄ + z‖1

= ‖x̄S + zS‖1 + ‖x̄S̄ + zS̄‖1

≥ ‖x̄S‖1 − ‖zS‖1 + ‖zS̄‖1 − ‖xS̄‖1

≥ ‖x̄‖1 − ‖zS‖1 + ‖zS̄‖1 − 2‖xS̄‖1.

Thus,

‖zS̄‖1 ≤ ‖zS‖1 + 2‖xS̄‖1 (5)

= ‖zS‖1 + 2‖x̄− x̄(k)‖1. (6)

Let

R =
‖z‖1

‖x̄− x̄(k)‖1

. (7)

The goal of the remainder of the proof is to establish a constant upper bound on R (R ≤ 4
in particular). Substitute (7) into (6) to obtain

‖zS̄‖1 ≤ ‖zS‖1 + 2‖z‖1/R.

Since ‖z‖1 = ‖zS‖1 + ‖zS̄‖1, the preceding inequality may be rewritten

(1− 2/R)‖zS̄‖1/2 ≤ (1 + 2/R)‖zS‖1.

If 1 − 2/R ≤ 0, i.e., R ≤ 2, then we are done, since we have shown established an upper
bound on R.

Otherwise, assume 1 − 2/R > 0. Let γ = (1 + 2/R)/(1 − 2/R) so that the previous
equation is written ‖zS̄‖1 ≤ γ‖zS‖1. We can impose the further assumption that γ ≤ 3; if
not, then (1 + 2/R)/(1 − 2/R) ≥ 3, which can be simplified to R ≤ 4, and if R ≤ 4 then
again we are done since the bound is established.

As in the earlier analysis, we can consider the optimization problem of maximizing
‖z‖1/‖z‖2 subject to ‖zS̄‖1 ≤ γ‖zS‖1. Again using the same arguments, we can conclude
that the optimal solution has the form zi = a/(n − k) for i ∈ S̄ and zi = a/(γk) for i ∈ S,

where a = γ
√

k(n− k)/(γ2k + (n− k)). Optimality requires that the multipliers satisfy
λ1 + 2λ2y = 1, −γλ1 + 2λ2x = 1 and λ1, λ2 ≥ 0. This is satisfied if x ≥ y, which requires
the assumption that k ≤ n/(γ + 1); since γ ≤ 3, the hypothesis that k ≤ n/4 assures this.
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The optimal value is (γ + 1)a/3γ. Thus,

max
‖zS̄‖1≤γ‖zS‖1

‖z‖1

‖z‖2

=
(γ + 1)a

γ

= γ + 1

√√√√ k(n− k)

k + 9(n− k)

≥
√

m/∆,

where the last line follows from the assumption about null(A). Since n−k ≤ (k+9(n−k))/9,
the preceding inequality implies

(γ + 1)
√

k ≥
√

m/∆.

On the other hand, the hypothesis of the theorem is

k ≤ (1/16)m/∆.

Comparing the two preceding equations that γ ≥ 3 must hold. On the other hand, we
have already assumed that γ ≤ 3, so the only way to end up in this case is γ = 3. If γ = 3
then R = 2, so again an upper bound is established on R.

This theorem is comparable to Zhang’s Theorem 4, although some of the details are
different. It represents a partial strengthening of Zhang because his hypothesis (34) is not
needed; Zhang himself identifies hypothesis (34) as an undesirable feature of his result.

We can also deduce Candès and Tao’s [2] equation (3.34) from this result. In particular,
we consider the case of the weak `p ball denoted w`p(r) by Candès and Tao. This set is
defined as

w`p(r) = {x ∈ Rn : |x(k)| ≤ rk−1/p},

where x(k) is notation for the entry of x whose magnitude is the kth largest. They prove (eq.
(3.34)) that if x̄ ∈ w`p(r), then, using the same definition of x∗,

‖x− x∗‖1 ≤ cp,αr(αm/∆)1−1/p

for any α sufficiently small. (Note that [2] has ∆ = c1 log n in place of ∆ = c1(1+log(n/m));
however, they strengthen their result to 1 + log(n/m) in the followup paper [1].)

For our proof, apply the above theorem, taking k = αm/∆ for α < (1/16). With this
choice of k, we conclude from our theorem that

‖x̄− x∗‖1 ≤ 4‖x̄− x̄(k)‖1

≤ 4
n∑

i=k+1

ri−1/p

≤ 4r
∫ ∞

k
x−1/p dx

= 4rk1−1/p/(1− 1/p)

= 4cpr(αm/∆)1−1/p. (8)
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In the case of p = 1, Candés and Tao instead assume that ‖x̄‖1 ≤ r. For such a vector,
|x(k)| ≤ r/k, so the same result holds.

Finally, we can establish Candès and Tao’s main result (Theorem 1.2) as follows. Their
Theorem 1.2 is like (8), except that the left-hand side is the 2-norm instead of 1-norm, and
the right-hand side has an exponent of 1/2 − 1/p instead of 1 − 1/p. Assume again that
x̄ ∈ w`p(r). Following the notation of (4), let z = x∗ − x. Then since z ∈ null(A) and
null(A) has the ∆-spherical section property,

‖z‖2 ≤ ‖z‖1 ·
√

∆/m.

Combining this with (4) yields

‖x∗ − x̄‖2 ≤ 4

√
∆

m
‖x̄(k)− x̄‖1.

Thus, we follow the same chain of inequalities as in (8) except with an additional factor of√
∆/m on the right-hand side, and thus we obtain

‖x̄− x∗‖2 ≤ 4cpr(αm/∆)1/2−1/p

3 Remark

Note that Zhang obtains a result like (4) for 2-norm, although under his undesirable hy-
pothesis (34). It would be interesting if his result were true without this hypothesis; we
eliminated the need for (34) for the 1-norm case, but have not been able to establish the
claim for the 2-norm case.
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